We introduce a new exactly solvable potential for the one-dimensional time-independent Dirac equation. This is the inverse-square-root potential 1/ x which belongs to a biconfluent Heun class. We present the exact solution of the Dirac equation for several configurations of vector, pseudo-vector and scalar potentials. In each case, each of the two fundamental solutions that compose the general solution of the problem is written in terms of an irreducible linear combination of two Hermite functions of a scaled and shifted argument. The fundamental solutions can alternatively be written in terms of confluent hypergeometric functions. For each of the discussed field-configurations, we derive the exact equation for bound-state energy eigenvalues and construct an accurate approximation for the energy spectrum.
wave equation of fundamental importance in physics [2] , are rare. In the one-dimensional case, apart from the piece-wise constant potentials and their generalizations involving the Dirac  -functions, one may mention the Coulomb, linear, and exponential potentials [3] 
for which the Dirac equation can be solved in terms of confluent hypergeometric functions, and the potential
for which the Dirac equation can be solved in terms of ordinary hypergeometric functions.
Many potentials reported so far, e.g., the Dirac-oscillator [4, 5] , Woods-Saxon [6] , and Hulthén [7] potentials are in fact particular cases of these four potentials that can be derived by (generally complex) specifications of the involved parameters [8] . We note that the first three potentials given by equation (1) are particular truncated cases of the classical Kratzer [9] , harmonic oscillator [10] , and Morse [11] potentials for the Schrödinger equation, while the fourth potential given by equation (2) in general (if 1 2 0 V V  and 1 2 V V  ) does not belong to a known class of Schrödinger potentials (however, the solution for this potential can be constructed using the solution of the Schrödinger equation for the classical Pöschl-Teller potential [12] ; note that the solution for a truncated version of potential (2) with 2 0 V  can be written using the solution for the Eckart potential [13] ).
In the present paper, we introduce a new exactly solvable potential -the inverse square root potential
We show that the time-independent Dirac equation for this potential can be solved in terms of linear combinations of the Hermite or confluent hypergeometric functions [14] of a scaled and shifted argument.
We consider the stationary one-dimensional Dirac equation for a spin 1/ 2 particle of rest mass m and energy E :
with Hamiltonian H K    , where K is the kinetic energy operator, and the interaction operator  stands for the potential of the external field. For the two-component spinor wave
, the kinetic energy operator is written as [2]
where c is the speed of light and  is the reduced Planck's constant (we use dimensional variables since this is useful for construction of new solutions using the known ones -see below). With the general 2 2  Hermitian potential matrix given by real functions , , , V U W S :
where 0  is the unit matrix and 1,2,3  are the three Pauli matrices, equation (4) reads 
. More general combinations are also possible.
2. Solution for a basic field configuration. All the mentioned cases are treated in the same manner. A basic field configuration we consider is
with arbitrary 0,1 0 0,1 , , V W S . To solve the Dirac equation (7) for this configuration, we apply the Darboux transformation [15]
to reduce the system to a single second-order differential equation for a new dependent variable ( ) w x . This is achieved by putting    
where the prime denotes differentiation and    
This reduction suggests two immediate observations.
First, it is seen that in the case of spin symmetry, that is when const 
 is a linear combination of w and w .
Second, it is seen that in spin and pseudo-spin symmetry cases, when 2 (13) and the equation is reduced to the Schrödinger equation for the inverse-square-root potential:
. The general solution of this equation is presented in [16] . Rewritten in terms of our parameters, one of the two independent fundamental solutions composing this general solution of the equation, for real A and B , can be presented as
We note that a second independent fundamental solution can be constructed by the simple
Discussing the general case of field configuration (8) for arbitrary parameters
, a main result we report is that a fundamental solution of equation (13) is given as
 
It can be checked that for 1 1 S V   this solution reproduces equations (17)- (19) . We note that, mathematically, the presented solution applies not only for real parameters but for arbitrary complex parameters The presented solution is derived by the reduction of equation (13) to the biconfluent Heun equation [18, 19] 
the solution of which can be expanded in terms of (generally non-integer order) Hermite functions of a scaled and shifted argument [20] :
Following the approach of [21, 22] , we apply the transformation 
(mathematically, this means that the regular singularity of equation (24) at 0 z  is apparent).
With this, it is shown that the series (25) terminates on the second term [20] thus resulting in a closed-form solution involving just two Hermite functions:
Rewritten in terms of parameters of equation (13), this yields the solution (20)- (23) .
As regards the general solution of equation (13), it can be readily checked that this solution can be written as 
For the field-configuration 
Bound states.
The discussed field configurations may support bound states. These states are derived by demanding the wave function to vanish at the infinity and in the origin [23] .
As an example, consider the spin symmetric field configuration 1 1 ,
This is a specific configuration that belongs to both families (8) A E m c   ,
and the general solution of the Dirac equation (7) is written as
where 1,2 c are arbitrary constants and the function w is given through parameters A and B by equations (17)- (19) .
The requirement for the wave function to vanish in the origin leads to a linear relation between coefficients 1 c and 2 c , while the second condition of vanishing the wave function at the infinity, after matching the leading asymptotes of the involved Hermite functions [24] , results in the following transcendental equation for the index  :
Given  depends on E , this is the exact equation for the energy spectrum. This type of spectrum equations that involve two Hermite functions are faced in several other physical situations (see, e.g., [16, 25, 26] ). For   sgn 1 AB   this is exactly the equation encountered when solving the Schrödinger equation for the inverse-square-root potential [16] . It has been shown that the equation possesses a countable infinite set of discrete positive roots n  , n   . Together with the definition (19) for  and equations (40) for parameters A and B , this set determines the bound-state energy eigenvalues. We note that all n  are not integers so that the bound-state wave-functions are not polynomials.
The calculation lines are as follows. Substituting equations (40), into equation (19), one arrives at the following cubic equation for energy n E :
The discriminant   2 2 2 8 2 6 2 2 4 1 1
hence, the cubic has only one real root [14] . This root is conveniently written through the dimensionless parameter 
where the pre-factor ( ) f  is a non-oscillatory function which does not adopt zero and 0 D is a constant given as
This is a highly accurate approximation. The accuracy is demonstrated in Fig. 1 , where the filled circles stand for the exact values and the solid curves present the approximation. 
The relative error of this approximation is less than 4 10  for all orders 2 n  and the absolute error exceeds 4 10  only for the first root with 1 n  . 
This provides a qualitatively good description of the whole spectrum if
The approximation is compared with the exact result for the first seven levels in Table 1 . 
5.
Bound states for the case of electrostatic potential. As a second example consider the bound states of a Dirac particle in the presence of only electrostatic potential:
This is another particular case of the field configuration (8) . Here, 0
that (see equations (14) ,(15))
where the function G w is the general solution (28),(29) and , , y g  are given by equations (21) neglected, the relative error is less than 3 10  for all orders 3 n  . A more accurate result can be achieved if  is expanded in terms of powers of 2/3 n  . The accuracy of this approach with the first two correction terms is shown in Table 2 . Comparing the presented spectrum with that for the solution of the Schrödinger equation for the inverse-square-root potential [16] , we note that the main difference is that here the Maslov index  goes to zero as the quantum number n goes to infinity (we recall that in the Schrödinger case the limit Maslov index is 1/ 6  ).
